A new approach to the theory and simulation of the non-Markovian dynamics of open quantum systems is presented. It is based on identification of a parameter which is uniformly small on wide time intervals: the occupation of the virtual cloud of quanta. By "virtual" we denote those bath excitations which were emitted by the system, but eventually will be reabsorbed before any measurement of the bath state. A favourable property of the virtual cloud is that the number of its quanta is expected to saturate on long times, since physically this cloud is a (retarded) polarization of the bath around the system. Therefore, the joint state of open system and of virtual cloud (the dressed state) can be accurately represented in a truncated basis of Fock states, on a wide time scale. At the same time, there can be arbitrarily large number of observable quanta, especially if the open system is under driving. However, by employing a Monte Carlo sampling of the measurement outcomes of the bath, we can simulate the dynamics of the observable quantum field. In this work we consider the measurement with respect to the coherent states, which yields the Husimi function as the positive (quasi)probability distribution of the outcomes. The evolution of dressed state which corresponds to a particular fixed outcome is called the dressed quantum trajectory. Therefore, the Monte Carlo sampling of these trajectories yields a stochastic simulation method with promising convergence properties on wide time scales.
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I. INTRODUCTION
The model of a finite quantum system coupled to an inifinite harmonic bath (the open quantum system, abbreviated as OQS) is of great importance for numerous branches of quantum physics. It is this model on which the concepts of measurement and decoherence are worked out [1, 2] , from the fundamental questions of the emergence of classical world [3] [4] [5] [6] [7] , to the modern protocols of adaptive quantum control [8] [9] [10] [11] [12] [13] and information processing [14] [15] [16] [17] . In physical chemistry the concept of OQS is applied to describe the transfer of phononic or electronic energy in the molecular complexes [18] . Finally, in the condensed matter physics, a special type of OQS, the Anderson impurity model within a self-consistent environment, is the central component of the dynamical mean-field theory (DMFT) calculations [19] [20] [21] [22] . Theoretical and experimental advances in all these branches continuously raise challenging questions about how to properly characterize the physical state of an open system, and how to simulate its dynamics in various regimes.
In the Markovian regime, when the environment recovers instantly after the OQS disturbances, it is fairly well understood how to characterize and propagate the state of open system: its state is represented either by a reduced density matrix, which is governed by a master equation [23] ; or by a wavefunction, which is governed by a stochastic Schrodinger equation [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] . Closely related to these methods is the input-output formalism [34] [35] [36] , which allows one to take into account the properties of the incident and scattered excitations of the bath.
On the contrary, the non-Markovian regime [18, 23, 37] , when the bath has the memory of the OQS disturbances, is much less understood [38, 39] . One of the main challenges of the non-Markovain regime is the entanglement: as the time goes, the OQS and the bath continuously exchange the quanta between themselves, and the dimension of the joint entangled state grows with time, which also leads to the combinatorially-increasing complexity of description and simulation. In the Markovian case the situation was rather simple: at the very moment of absorbtion and emission, the OQS state experiences a sudden jump. Right after that, the bath forget the disturbance [40] . However, in the non-Markovian regime, the emitted quanta maintain the entanglement with the OQS for a certain period of time. In the literature, there is the understanding that OQS cannot be entangled to the whole bath all the time: OQS should eventually forget about the emitted quanta [41] . But the question of how to partition the bath B into the two parts, B = M + D , the entangled memory part M , and the "detector" part D of irreversible emitted and forgotten quanta, still has no consise and transparent answer, albeit there are investigations and proposals of possible decompositions [41] [42] [43] [44] [45] [46] .
More progress is achieved in the numerical simulation algorithms for the non-Markovian quantum dynamics. For example, the matrix product states approach [47] was recently proposed to efficiently calculate the discretized path integral with the influence functional for the bath (the so-called Quasi-Adiabatic Path Integral [48] [49] [50] [51] for OQS). However, it involves the truncation of the long-range tails of the bath memory function after a certain time τ cut . In the strong coupling regimes, such a truncation always distorts the large-time asymptotic behaviour of the observables [47] . Increasing τ cut leads to exponential increase of the computational complexity.
Another promising family of algorithms are the stochastic simulation techinques. In these algorithms, the interaction of the bath with OQS is splitted into the two parts: one is represented by a stochastic coloured noise (whose correlator reproduces the bath memory function); the other part is solved deterministically. These algorithms include the nonMarkovian quantum state diffusion (NMQSD) approach [52] , the hierarchy of pure states (HOPS) [53, 54] , and the hierarchical approach based on stochastic decoupling [55] [56] [57] [58] . These algorithms intend to simulate the real-time dynamics by a Monte-Carlo sampling. However, in order to avoid the sign problem (since currently every full realtime Monte-Carlo simulation suffers from it), these algorithms have to simulate a certain part of quantum dynamics by a deterministic scheme. Again, the deterministic part involves the trunctation of the bath memory function after a certain time τ cut , and increasing τ cut leads to the exponential increase of complexity. Another limiting factor of these methods is the coupling strength between the bath and the OQS. The deterministic part is based on a certain truncated hierarchy of OQS-bath correlation functions, and the truncation level is increased with the coupling strength.
In summary, a successful numerically exact solver for the non-Markovian open quantum system should contain the following three ingredients: (1) a physically motivated division into the stochastic and determenistic part, (2) a truncation of the determenistic part suitable for a bath with the long-range memory tails, and (3) a way to deal with the strong coupling regime. We address the problem (1) in this paper, and simultaneously propose a solution of the problem (2) in another manuscript [59] .
Our approach to the non-Markovian quantum dynamics is based on an identification of a small parameter on wide time scales. There are conventional techniques which are based on a short-time small parameters e.g. any perturbative expansion in coupling. But these techniques squickly loose their quantitative and qualitative accuracy as the time scale is increased. We propose to consider the population of the cloud of virtual bath quanta as a small parameter on wide time scales. What we mean is the following. When the open quantum system interacts with the surrounding bath, it emits and absorbs quanta (bath excitations). We classify the quanta into the following types: virtual and output [60, 61] . By "virtual" we denote those excitations which were emitted by OQS, but eventually will be reabsorbed before any measurement of the bath state. At the same time, the output quanta are those which will survive up to the bath measurement time moment. We suggest that the joint state "OQS + virtual quanta", also called the dressed OQS state, is the appropriate characterisation of the physical state of OQS in a non-Markovian regime. We take the analogies from the other branches of physics: the physical state of electron which interacts with electromagnetic field, is the "bare" electron dressed by a cloud of virtual photons; in solid state, the electron is always dressed by a cloud of virtual phonons. From these analogies, one may guess that the number of virtual quanta shoud be bounded even at long simulation times and in presence of driving. On a physical grounds, we expect it to be small for moderate coupling. That is very favourable property for numerical methods, since we will represent the dressed OQS state in a truncated Fock basis for virtual quanta.
At the same time, the output quantum field may contain arbitrarily high number of quanta at large time scales, especially if there is a driving, or the coupling contains the terms beyond the rotating-wave approximation (RWA). Fortunately, the physical properties of the output field provide us with the escape from the ensuing complexity: the output field is always measured. We can employ a Monte Carlo sampling of the measurement results in order to simulate the dynamics of the output field. The most convenient basis for the measurement is provided by the coherent states. Then, the quantum output fields are replaced by classical fluctuating fields, resulting in a dressed non-Markovian quantum state diffusion (shortly dressed NMQSD) equation of motion.
The proposed approach is founded on many partial results in the literature. In particular, the idea of how to sample stochastically the observable state of the bath was first introduced in the non-Markovian quantum state diffusion approach (NMQSD) [52] . Another idea, that the correct non-Markovian description of the physical state of OQS should involve additional degrees of freedom (besides the reduced density matrix), is repeatedly expressed in literature in various contexts [41-46, 53, 62, 63] . The distinction between the two types of photons (the bath quanta) -those which will be eventually absorbed by the detector, and those which will be reabsorbed by the OQS -was first discussed in the works of M. W. Jack et al [38] .
In section II A we introduce the model of open quantum system and then in II C introduce the notion of a dressed OQS state corresponding to a fixed measurement outcome for the bath. The master equation for the probability distribution of the measurement outcomes, the Husimi function, is derived in section II D. The stochastic interpretation of this master equation is provided in terms of the dressed quantum trajectories, as shown in section II E. Summary of the simulation algorithm and the expample calculation are provided in sections III A and III B. In section IV we show that the problem of memory tails for a driven quantum system arises at large times even at small couplings. This problem is dealt with in the companion paper. We conclude in section V. In appendix VI we provide the details of derivation of the Husimi master equation.
II. DRESSED NON-MARKOVIAN QUANTUM TRAJECTORIES
In this section, we present our approach to the description and simulation of open quantum system dynamics.
A. Model of Open System
We consider a system which is linearly coupled to the bath of harmonic oscillators. The Hamiltonian is
where H s is the OQS, H b is the bath
The bosonic annihilation operators a (ω) obey to the canonical commutation relations
The coupling is through the operator s which is in the system's Hilbert space, and through the operator b which is in the Hilbert space of bath,
In our representation, the frequency dependence of the density-of-states is transfered to the coupling coefficient c (ω).
In the interaction picture with respect to the free bath, the Hamiltonain (1) becomes
with
Properties of the bath are defined in terms of its memory function
Suppose that initially the open system is in a pure state |ψ (0) s , and the environment is initially in its ground state |0 b . After time t, the joint system-bath state |Ψ (t) will evolve according to the time-ordered exponential
Here and below the subscripts "s" and "b" denote the states from the Hilbert space of the system and of the bath correspondingly. The absence of subscript means that the ket or bra vector belongs to the total (joint) Hilbert space.
B. Reduced density matrix as a statistical mixture of the bath measurement outcomes
At the time moment t, the state of OQS is described by a reduced density matrix
where Tr b is a partial trace over the bath degrees of freedom. According to our picture, the trace operation Tr b is acting on the observable quanta of the bath. Since there can be large number of such quanta, so that the resulting quantum state is complex, we want to calculate Tr b by a Monte Carlo sampling. For this purpose, we employ the (unnormalized) coherent states of the bath
which depend on complex functions of frequency z (ω), and which possess the resulution of unity property [64] 
where 1 b is the identity operator in the Hilbert space of the bath. We substitute the resolution of unity (11) into the reduced density matrix expression (9):
Here, the partially projected wavefunctions are introduced
where |q s is arbitrary basis of OQS states. The state |ψ (z, t) s is a pure state in the Hilbert space of OQS. It no longer depends on the bath degrees of freedom. Equation (12) can be interpreted in the following way. At the time moment t we measure the bath state, and find it a coherent state corresponding to the signal z (ω). The probability to observe a particular outcome z (ω) is provided by the real positive Husimi function
In terms of Husimi function, the reduced density matrix (12) assumes the form
where the projection
can be interpreted as a pure density matrix of OQS conditioned on a particular outcome z (ω). Now, provided we are able to evaluate ρ s ( t| z) for given t and z (ω), we can devise a Monte Carlo procedure by sampling stochastically the realizations z (i) of z from Q (z, t), and performing the average
where M is the number of noise samples z (i) . Therefore, the following sections are devoted to the derivation of equations of motion for ρ s ( t| z) and Q (z, t).
The exposition of this section was completely in line with the NMQSD approach [52] . However in the following section, a difference will arise.
C. Dressed state of open quantum system
In this section we derive the equation of motions for the conditional OQS pure state ρ s ( t| z), or, which is equivalent, for the projection |ψ (z, t) s . Since the observable state of the bath is taken into account by a stochastic sampling from its Husimi function Q (z, t), we expect that |ψ (z, t) s will contain only unobservable, or virtual, quantum bath contributions. This will become evident in the course of exposition.
In order to derive the equation of motion for |ψ (z, t) s , we insert the ordered operator exponent (8) into (13):
In the last line of these equations, we have a product of the two operator exponents. Then, we transform this expression by commuting the left exponent through the right one by employing the following commutation relations:
and
where the classical time-dependent complex noise term
is a consequence of the canonical commutation relations (3). The resulting expression for the projected state is
where the non-Hermitian Hamiltonian is
Observe that in Eq. (22) we begin the evolution from the vacuum of bath, and at the time of measurement t the state is again projected to the vacuum. This means that all the quanta which were emitted via b † (τ ) at earlier times τ , will be ultimately reabsorbed by b (τ ) at later times τ . In other words, they comprise the virtual quantum field of the bath, which is never observed directly. At the same time, all the quanta which survive up to the measurement time (the observable quantum field), will be projected onto the coherent state, thus collapsing to the classical field ξ (τ ).
We obtain the following physical picture. Given a fixed outcome z for the measurement of the observable quantum field, the joint state |Ψ dress (z; t) of OQS and of the virtual quantum field evolves according to the Schrodinger equation
with the initial condition
Now, let us again return to the statistical interpretation of the reduced density matrix (15) . In order to compute the reduced density matrix of the OQS, we discard all the virtual quanta, by partially projecting to the bath vacuum, and then average over all the possible measurement outcomes, with the probability distribution Q (z, t) = |Ψ dress (z, 0) 2 :
We call the joint state |Ψ dress (z; t) the (unnormalized) dressed state of the open system. In order to acknowledge and distunguish from the related developments in literature [52] , we call the equation (24) the dressed NMQSD. The phenomenon of "dressing", when a small system is interacting with the surrounding medium, is ubiquitous in physics. The prominent examples are: the dressing of the "bare" electron in QED by a cloud of virtual photons [65] ; electron in a solid crystal gets dressed by a cloud of virtual phonons, thus forming a polaron quasiparticle [66] . What is important to observe is that in all these cases the dressing and the "bare" system form a single physical object, whose properties are changed (renormalized) as compared to the "bare" case. Thus, in this work we also take on the view that |Ψ dress (z; t) is the most natural characterization of OQS state, when the bath is non-Markovian.
These considerations allow us to anticipate the complexity properties of the description in terms of dressed OQS state. Indeed, if the cloud of virtual photons has the meaning of (retarded) polarization of the bath around OQS, it is not expected to explode, or to grow without bounds, as the time increases. Instead, it is expected to saturate on a certain average number of quanta, even at large times. This makes this approach attractive for the numerical simulation algorithms: we can hope to achieve an accurate solution of dressed NMQSD (24) on wide time scales, by using a Fock basis for the virtual quanta, which is truncated above certain occupation numbers.
At the same time, the observable quantum fields have different complexity behaviour: since OQS can continuously emit excitations, especially if it is driven, or the coupling with the bath is non-RWA, their occupation numbers can grow without bounds with time. Therefore, the observable quantum fields are the major factor which makes the real time simulation such a hard problem. And this is the virtue of the presented approach that these complicated quantum fields are simulated stochastically through the classical field ξ (τ ).
In conculsion of this section, we note that the vacuum is not the only initial condition for the bath |0 b . In particular, by adding a suitable stochastic field, a thermal initial state of the bath can be considered [54, 60, 61] 
D. Master equation for Husimi function and its stochastic interpretation
Now, having all the means to compute the conditional state ρ s ( t| z), the remaining task is devise a procedure for the stochastic sampling from the Husimi function Q (z, t). Here we will follow a route which is analogous to that in the conventional NMQSD, but taking into account the specific features of our definition of the quantum trajectory.
We start the derivation by computing the time derivative of the Husimi function:
Upon substituting the expression (23) for H dress , we obtain a number of terms. Then, we employ the crucial propery of the dressed state: it has the following functional dependence on the virtual operators and on the noise:
so that
Using these properties, we arrange all the terms in (27) , and obtain the following master equation:
where the average of the system operator is defined as
The interested reader can find the technical details of the derivation in the Appendix VI. Here we turn to the interpretation of the master equation. Formally, this equation corresponds to convection. Indeed, we have an infinitedimensional space of all the possible signal realizations z (ω). We also have an initial probability distribution in this space
which follows from (14) . Finally, for every time moment t 0 and for every fixed signal z, there is a complex velocity field
for the component z (ω) of the signal. Indeed, this velocity value can be evaluated explicitly by solving the Schrodinger equation (24) with the inital conditions (25) . Then, the master equation (30) corresponds to a convection with this velocity field:
Solving this equation, we obtain the displacement of the signal at a time t:
where z (τ ) denotes all the components z (ω, τ ). In terms of the open system and the bath, this result means that the observable bath displacement is due to non-zero average value of the system operator. Now we have a conceptual understanding of how to conduct a stochastic sampling from Q (z, 0). First, we draw the initial conditions z (ω, 0) from the initial Gaussian distribution (32) . Then, we evolve them up to the time t according to (35) . Finally, the reduced OQS density matrix is caclulated as the average:
E. Husimi dressed quantum trajectories
The last thing to do before we arrive at the final simulation algorithm is to derive the explicit equation for the joint self-consistent evolution of z (ω, t) and ρ s ( t| z (ω, t)). We have for the time derivative of |Ψ dress (z (t) , t) :
The time derivativeż (ω, t) is given by the convection equation (34) . Since the properties (28)- (29) hold when the noise is time-dependent, we make the substitution
and obtain the following closed self-consistent Schrodinger equation
where the Hamiltonian is
Here the system operator average s (t) is
and the self-consistent field φ (t) is a retarded convolution of the history of values of s (t)
The equations (39)- (40) may be called the dressed non-linear NMQSD, in analogy with the corresponding developments in the literature [52] . However, a better name would be the Husimi dressed quantum trajectory, since these trajectories provide a stochastic interpretation of the master equation for the Husimi phase-space distribution.
III. NUMERICAL ALGORITHM AND EXAMPLE CALCULATION
A. Summary of the resulting numerical scheme
For a given open quantum system (1), (2), (4), the bath frequency range [0, ω max ] is chosen, and is discretized in a certain way ω 1 ,..., ω N . The bath mode operators are approximated as
with the resulting commutation relations
In a numerical simulation, we draw M samples of the discretized signal z (1) , . . . z (M ) , where now jth sample z (j) is the complex vector of N components:
. . .
and z (j) i corresponds to the frequency ω i . The distribution of samples is complex Gaussian, with the statistics
For each sample z (j) , we solve for the Husimi quantum trajectory,
where H Q is obtained from discretization of Eq. (40) in the Schrodinger picture:
Here the Hamiltonian H Q depends self-consistently on the average of the system operator
and on the retarded field φ (t)
The initial condition for the trajectory Ψ 
The equation (48) is solved in a finite Hilbert space of virtual quanta (truncated in maximal total occupation n). The result of such a simulation, the reduced density matrix of OQS, is calculated by averaging over the signal samples:
B. Example calculation
We test the proposed approach on the spin-boson model,
with the driving field
The spin is coupled to the bath through the spin lowering operator
The bath is represented by a semiinfinite chain of bose sites with the on-site energy ε 0 and hopping between the sites h. The frequency spectrum is represented by a band [ε 0 − 2h, ε 0 + 2h], which is discretized as
for i = 1 . . . N . For calculations, we use the following values of parameters of the bath: ε 0 = 1, h = 0.05, N = 20. In Fig. 1 we present the convergence of stochastic simulation with n = 0 (only spin Hilbert space, no virtual quanta), n = 1 (spin Hilbert space and one virtual bath quantum), and n = 2 (spin Hilbert space and two virtual bath quanta), towards the ED solution (the full Schrodinger equation in the truncated Fock space). From the presented results we see that the convergence on the whole time interval is achieved with only two virtual quanta, whereas ED required to include the states with 8 excitations of the bath. This result confirms our idea that the virtual cloud saturates on long times, so that this approach is indeed promising for the development of efficient long-time simulation algorithms. , which required us to take into account 8 bath excitations to achieve the convergence up to the time t = 180 (dahsed line). At the same time, the results for the dressed quantum trajectory method at n = 0 (blue), n = 1 (brown), and n = 2 (green), show that we reach convergence up to the stationary regime with only 2 virtual excitations.
IV. THE PROBLEM OF MEMORY TAILS
Let us simulate the system described in a previous section for a longer period of time. In Fig. 2 we present the results for zero (n = 0) and one (n = 1) virtual quantum.
We see that for zero virtual photons the simulation is stable and reaches the stationary non-equilibrium state. At the same time, for one virtual quantum we observe the spurious revival around t = 400. Its emergence is not related to the truncation in the number of virtual quanta n. Instead, for any number of virtual quanta, due to the discretization of the bath spectrum on a finite frequency range, the tails of the memory function M (τ ) get corrupted. The finer is the discretization, the more retarded part of the tail is corrupted, hence the revival is more delayed. This is a general problem of all the simulation methods. The conventional ED simulations truncate the number of the bath modes which leads to the occurence of the spurious reflected signal from the boundary. Other methods, which directly deal with the memory functions, such as path integral-based methods (QUAPI and beyond) and HOPS, directly truncate the memory tails, which also leads to corruption of calculated observables after a certain simulation time.
Next paper in this series [59] is devoted to the problem of memory tails. We show there that it is possible to devise a special soft coarsegraining of the virtual quanta wavefunction, such that revivals disappear.
V. CONCULSION
In this work we propose a novel formulation for the dynamics of open quantum systems in a non-Markovian environment. In conventional approaches, the quantum field of the bath can develop large occupations of quanta, with correlations of high dimensions. This presents a formiddable obstacle both to the description of non-Markovian physics and to the development of long-time simulation methods. Here we demonstrate that the full quantum field can be divided into the two components, of different physical nature, and each with its own favourable properties. The virtual component is an intrinsically quantum object, but tends to be asymptotically bounded at large times, so that it can be efficiently simulated within a truncated basis. The second component of the quantum field, the observable The same system as in previous figure, but simulated on much longer times. The cases of zero virtual quanta (n = 0) and one virtual quantum (n = 1) are presented. It is seen that for one virtual quantum, when a trunacted representation of the bath wavefunction appears, a revival is observed at t ≈ 400. This is the manifestation of the generic problem of long-range memory tails.
part, can grow without bounds with time, but the hierarchy of its correlations have classical stochastic structure, so that its dynamics can be efficiently simulated by Monte Carlo methods. We believe that the proposed formulation provides us with a natural solution to the problem of decomposition of the bath B into the entangled memory part M (the virtual quanta) and the detector part B (the observable quanta). This may be useful for the analysis of various non-Markovian phenomena such as the information and energy backflow; for the discussion of various information and entanglement measures in the presence non-Markovianity.
Finally, this approach sheds light on the physical foundation of such methods as the NMQSD and HOPS, "explaining" their relative success. This may pave the way for novel, more advances, simulation techniques. In this respect one of the favourable features of the presented formulation is that its main concepts-the dressed state and its vacuum projection -are simple and well-defined quantum-mechanical objects, amenable to analysiz, combination, or approximation by any of the numerous conventional quantum-mechanical methods.
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VI. DERIVATION OF THE HUSIMI MASTER EQUATION
In the time derivative (27) the following terms will be zero:
There will be also terms of the form . . . × 0| b b |Ψ dress (z, t) and Ψ dress (z, t)| b † |0 b × . . . ,
which are non-zero, and we calculate them using the property (29) . Another property we will use is that the quantum trajectory is analytic function of the noise:
|Ψ dress (z, t) = 0 and δ δz (ω) Ψ dress (z, t)| = 0.
Taking into account all these facts, we obtain for the time derivative of Q (z; t):
∂ t Q (z, t) = exp −ˆdω |z (ω)| 2 −izs u + i∂ z * (t) s u + iz * s * u − i∂ z(t) s * u ,
where the unnormalized average of s was introduced
and the formal time derivative with respect to "instantaneous" noise value was defined (just for the brevity of notation)
∂ z(t) =:
To proceed further from Eq. (61), we employ the properties
Finally, we arrive at the master equation (30) .
